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We revisit the description of the magnetic field around antiferromagnetic magnetoelectrics in the context
of recent developments regarding magnetoelectric monopoles. Using Maxwell’s equations, we calculate the
magnetic and electric fields associated with a free charge in a bulk uniaxial magnetoelectric, as well as in a finite
sphere of magnetoelectric material. We show that a charge in the prototypical magnetoelectric Cr2O3, which
is uniaxial with a diagonal magnetoelectric response, induces an internal magnetic field with both monopolar
and quadrupolar components, but that only the quadrupolar contribution extends beyond the sample surface.
We discuss the behavior of the external quadrupolar field and compare its magnitude to those of magnetic fields
from other sources.
A linear magnetoelectric is a material in which an applied
magnetic field induces an electric polarization and an applied
electric field induces a magnetization, with the size of the re-
sponse proportional to the strength of the field:1
Pi = αi jH j
Mi = α jiE j . (1)
There has been increasing research interest in magneto-
electrics over the last fifteen years, motivated in part by the
technological appeal of electric-field-controlled magnetism,
as well as the intriguing mechanisms that allow a ferroic prop-
erty to be modified other than by its conjugate field. In ad-
dition, it has been pointed out in the last months that cer-
tain symmetry classes of magnetoelectrics exhibit behaviors
that can be described in terms of so-called magnetoelectric
monopoles2 leading to potentially new physics such as hidden
orders and novel transport properties3.
The magnetoelectric tensor, αi j, is an axial second rank ten-
sor, which is antisymmetric under both space and time inver-
sion. As for any square tensor it can be decomposed into sym-
metric and antisymmetric parts:
α=αS+αAS (2)
with the anti-symmetric components indicating responses per-
pendicular to the external field. The form of α, of course
reflects the symmetry of the system, and there exists a large
number of uniaxial magnetoelectrics, including the prototype
Cr2O34, in which the response is purely diagonal in the basis
of the crystallographic axes. For such materials αAS vanishes,
and it is useful to reduce the symmetric part further into its
isotropic diagonal and trace-free symmetric contributions:
α=αS =
1
3
(2α⊥+α‖)I+
α⊥−α‖
3
1 0 00 1 0
0 0 −2
 . (3)
Here α‖ and α⊥ are the responses parallel and perpendicu-
lar to the high symmetry axis respectively, and I is the unit
matrix. When a correspondence is made between the second-
order terms in the magnetic multipole expansion and the linear
magnetoelectric response, it emerges that the first isotropic
part corresponds to a “magnetoelectric monopolar” compo-
nent, and the second traceless part to a “magnetoelectric
quadrupolar” component2,5. (The antisymmetric part which
is is zero in this case results from a magnetoelectric toroidal
moment6.) A free electric charge in such a magnetoelectric
should in turn generate a magnetic field that reflects these
monopolar and quadrupolar contributions.
In this work we use Maxwell’s equations to calculate the
magnetic and electric fields associated with a free charge in a
magnetoelectric material. We begin with the mathematically
straightforward case of an isotropic magnetoelectric material
and confirm that, as required by symmetry, it has a purely
monopolar response. While isotropic magnetoelectrics have
been discussed in the literature7, none has been identified to
date, as the requirement that time- and space-inversion sym-
metry be broken within a cubic symmetry is restrictive. Inter-
est in them has been renewed recently in the context of their
relationship to strong Z2 topological insulators8, as well as
their potentially novel transport properties3. We then proceed
to the physically more abundant and mathematically more
complex uniaxial case and evaluate the relative contributions
of the monopolar and quadrupolar terms to the magnetic and
electric fields. In both cases we obtain the solution for a free
charge in an infinite magnetoelectric medium, as well as for
the case of a finite spherical sample. Finally, based on our re-
sults we revisit literature magnetometry measurements of the
magnetic field around Cr2O39,10. These were discussed pre-
viously in terms of the intrinsic quadrupolar response of an
uncharged magnetoelectric11 as well as in terms of the sur-
face magnetization caused by the antiferromagnetism12 and
its coupling to the magnetoelectricity13. We evaluate the rela-
tive magnitudes of all three contributions to the external mag-
netic field and discuss the implications.
I. AN ISOTROPIC MAGNETOELECTRIC
We provide a source of electric field within an isotropic
magnetoelectric by introducing a point charge ρ = qδ (r).
While in practice such a charge is likely to be an electron,
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2here we treat the case of a spinless charge, and do not include
in our analysis the reciprocal magnetoelectric response arising
from an electronic spin magnetic moment. Since the material
is isotropic, the α tensor is given by
α=
α 0 00 α 0
0 0 α
 .
The magnetoelectric medium augments the displacement field
and magnetic induction from their usual E and µH to in-
clude the magnetoelectric cross terms:
D = E+αH
B = µH+αE. (4)
Here  andµ are the usual dielectric permittivity and magnetic
permeability tensors, which have the same isotropic symme-
try as the magnetoelectric tensor. Insertion of these field ex-
pressions into Maxwell’s equations yields a system of cou-
pled differential equations which we solve by introduction of
a magnetic and electric potential14 (see appendix A) to yield
the fields:
E(r) =
µ
4pi(εµ−α2)
q
r2
er
H(r) =− α
4pi(εµ−α2)
q
r2
er , (5)
where er is the unit vector in the radial direction. First we dis-
cuss the electric field. We see that its form is identical to that
induced by a free charge in an ordinary dielectric – 14piε
q
r2
–
except that the magnitude of the induced field is modified with
an effective (lowered) dielectric constant εe f f = (ε −α2/µ).
To estimate the size of the lowering we use literature values
for Cr2O3 (Table I) averaged as in Eqn. (3) to extract the
isotropic part, and find that the change in relative permittiv-
ity is small, with ∆εr = α2/(µε0)∼ 1.5×10−8. In Fig. 1 (a)
we compare the electric field of a pure dielectric with that of
an isotropic magnetoelectric, with α 20,000 times larger than
that of Cr2O3, for the true α the curves would be indistin-
guishable from each other.
Eqns. 5 indicate that if α2→ εµ , both the electric and mag-
netic fields inside the medium would diverge causing a “mag-
netoelectric catastrophe”. This is consistent with the inequal-
ity
αi j ≤
√
µiiε j j
required for thermodynamic stability15 and the stricter con-
straint, derived using thermodynamic perturbation theory and
requiring positive definiteness of the free energy with re-
spect to external fields16, that α2 < χmχe. Even close
to a phase transition where α may diverge, either ε or
µ will diverge simultaneously avoiding a magnetoelectric
catastrophe. This scenario was discussed recently for a
magnetoelectric-multiferroic phase transition using Landau
mean-field theory17 and demonstrated numerically for the
case of a strain-induced multiferroic phase transition18 in
CaMnO3.
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FIG. 1: (a) Electric field around a point charge in an isotropic di-
electric (blue solid line) and in a magnetoelectric with α increased
by a factor of 20,000 (red dotted line). The parameters used are the
measured values for Cr2O3, averaged to give isotropic values. (b)
Calculated magnetic field, H(r), generated by a point charge in an
isotropic magnetoelectric in a cut through the a plane containing the
charge. The arrows indicate the field orientation.
component α (ps/m) εr (ε0) µr (µ0)
⊥ 0.734 10.3 1.0014
‖ -0.233 10.9 1.0001
TABLE I: Experimental values of α , relative permittivity εr and rel-
ative permeability µr for Cr2O319–21. εr is measured at room tem-
perature, whereas µr and α are the low temperature (4 K) values. SI
units are used throughout, so α has units of inverse velocity.
The magnetic field,H(r), shows a similar purely divergent
radial dependence as the electric field. We illustrate this in
Fig. 1 right panel, where the arrows represent the magnetic
field lines. Note, however, that whileH(r) diverges,M(r)=
αE also diverges and exactly compensates the divergence in
H . As a result, ∇ ·B(r) = 0, Maxwell’s equations are not
violated and no “true” magnetic monopole is generated.
A. A finite sphere of an isotropic magnetoelectric
We now extend our discussion to the case of a sphere of
an isotropic magnetoelectric with a charge at its center in a
vacuum. The fields inside and outside of the sphere are subject
to the boundary conditions:
φ ie,m(R) = φ
o
e,m(R)
Di(R) ·n = Do(R) ·n
Bi(R) ·n = Bo(R) ·n (6)
where φe,m are the electric and magnetic potentials, the o and i
superscripts indicate outside and inside of the sphere, respec-
tively, R is the sphere radius, and n is a unit vector along the
surface normal. Di and Bi are given by the expressions of
Eqns. 4 including the magnetoelectric responses, whereas for
3the vacuum region the usual relations
D = ε0E
B = µ0H
apply. We expand the potentials in a basis of Legendre poly-
nomials, and since the system is radially symmetric all com-
ponents apart from l = 0 vanish. The full derivation is given
in the appendix B, and our solutions are:
φ ie(r) =
µ
4pi(εµ−α2)
q
r
+
(α2 +µ(ε− ε0))
(α2− ε0µ)
q
4piεR
φ oe (r) =
1
4piε0
q
r
φ im(r) = −
α
4pi(εµ−α2)
q
r
+
α
4pi(εµ−α2)
q
R
φ om(r) = 0 . (7)
We plot our calculated potentials and fields, obtained using
the parameters for Cr2O3 and a sphere radius, R=1 mm, in
Fig. 2.
Again we begin by discussing the electric field case. In
Figs. 2 (a) and (c) we show the radial components of the
electric potential and the electric field inside and outside of
the sphere. We see that the behavior is analogous to that of a
charge at the center of a dielectric sphere, with the field falling
off radially within the sphere, then more sharply in the vac-
uum region. There is a renormalization of the dielectric con-
stant, however, from the magnetoelectric response. In Figs. 2
(b) and (d) we show the corresponding magnetic quantities.
As in the case of the infinite medium, the H field diverges
with radial distance from the charge, and M also diverges so
that ∇ ·B is zero. Consequently the magnetic field vanishes
at the boundary due to the zero magnetoelectric effect outside
the sphere. As a result, all monopolar effects of the charge
are constrained to within the sphere, and no magnetic field is
detectable outside.
Our main finding from this section, therefore, is that,
while a charge in an isotropic magnetoelectric induces a
monopole-like magnetization through the magnetoelectric ef-
fect, the magnetic field associated with this magnetization
drops to zero at the boundary of a spherical sample. Thus,
while the induced field might have a profound effect on the
magnetotransport3, it cannot be directly detected outside of
the sample. We point out, however, that any deviations from
ideal sphericity in the sample will allow a non-zero, non-
monopolar external field.
II. A UNIAXIAL MAGNETOELECTRIC
We now discuss the case of an anisotropic uniaxial magne-
toelectric with a magnetoelectric tensor of the following form:
α=
α⊥ 0 00 α⊥ 0
0 0 α‖
 .
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FIG. 2: (a) Electric and (b) magnetic potential as a function of dis-
tance from the center of the sphere. (c) Electric and (d) magnetic
field. The sphere radius, R = 1 mm.
We obtain the fields in the same manner as in the isotropic
case, working in this case in elliptical coordinates to more
readily treat the different responses along the perpendicular
and parallel axes. We note that, by symmetry, the µ and 
tensors have the same form as α, but the ratios of their par-
allel and perpendicular components are not necessarily equal.
As a result fully analytical solutions are not accessible and the
solutions – given in appendix C – must be evaluated numeri-
cally.
We begin by discussing the differences we expect from
the isotropic case as a result of the anisotropy in each re-
sponse tensor. In the isotropic case (Eqns. 5) we found
that the electric field is described by an effective dielectric
constant εe f f = ε − α2/µ . For Cr2O3, ε ∼10−12 F/m and
α2/µ ∼10−19 F/m. Therefore we expect that the anisotropy
of the electric field will be dominated by the anisotropy in
the dielectric constant. For the magnetic field, the ε −α2/µ
term in the denominator is again dominated by ε . However,
there is also a prefactor of α/µ , and in the case of Cr2O3 the
strongly anisotropic magnetoelectric tensor should determine
the anisotropy in the magnetic field. Finally, we note that the
magnetic field can become “accidentally isotropic” even when
all tensors are anisotropic, if α⊥/(µ⊥ε⊥) = α‖/(µ‖ε‖). We
will discuss an example of this behavior later.
Now we look at our explicitly calculated azimuthal de-
pendencies of the electric and magnetic potentials, which we
show as polar plots in Figs. 3 (a) and (b) for four different sets
of parameters:
• The isotropic case obtained using averaged values for
all three tensors (black lines),
• The actual measured parameters for Cr2O3 (red dashed
lines),
• The measured Cr2O3 ε and µ values, but with only
the tracefree quadrupolar part of the α tensor included
4(green dotted line), and
• The “accidentally isotropic” case, enforced by setting
(ε,α)⊥ = 12 (ε,α)‖ and µ‖ = µ⊥ (blue dashed line).
We see in Fig. 3 (a) that the electric potentials for the
true, isotropic, and quadrupolar-only cases lie exactly on top
of each other, and are almost symmetrical, confirming our
reasoning above that the asymmetry in ε (which is small in
Cr2O3) determines that in the electric potential. The acciden-
tally isotropic case has an elliptical-shaped electric potential,
since we artifically set ε⊥ = 12ε‖.
In contrast there are large differences in the magnetic po-
tential for the four different cases. As expected there is no
angular dependence for the isotropic or accidentally isotropic
cases, which overlie each other. The quadrupolar-only case
(green line) changes sign with angle, consistent with its trace-
less magnetoelectric tensor. The true Cr2O3 potential (red
line) is the sum of the isotropic and quadrupolar contributions
and shows no sign change as the isotropic monopolar contri-
bution dominates. In Figs. 3 (c) and (d) we show vector plots
of the magnetic fields for the true Cr2O3 parameters and the
purely quadrupolar case respectively. (d) shows clearly the
field lines pointing outwards vertically, and inwards horizon-
tally, in the manner of a quadrupole, whereas, because of the
additional, larger, monopolar component in true Cr2O3, (c)
shows outward pointing field lines in all directions.
To quantify this division into monopolar and quadrupolar
contributions, we expand the calculated electric and magnetic
potentials in linear combinations of Legendre polynomials,
where by symmetry only even terms are non-zero:
φe,m(r,θ) =
q
4pi2r
∞
∑
n=0
(4n+1)Ce,m2n P2n (cos(θ)) . (8)
Then each coefficient,C2n, in the expansion indicates the con-
tribution of the term with the corresponding azimuthal depen-
dence, with C0 representing the monopolar contribution, and
C2 the quadrupolar. Note that all contributions have the same
r−1 dependence, in contrast to the usual multipole expansion
in which a multipole of order n decays as r−(n+1), because of
the infinite size of the system.
The relative contribution of each C2n is determined by the
relative ratios of
α‖
α⊥ ,
ε‖
ε⊥ and
µ‖
µ⊥ . In Table I we already saw
that the highest anisotropy occurs in the α tensor, with the
dielectric constant and permeability being almost isotropic.
(Note however that the magnetic susceptibility is strongly
anisotropic with χ⊥/χ‖ ∼ 15 in Cr2O319). In Fig. 3 (e) we
plot theCm0 andC
m
2 expansion coefficients as a function of the
ration
α‖
α⊥ , with the ε and µ tensors constrained to be purely
isotropic. We find, as expected, that for
α‖
α⊥ =−2 the response
is purely quadrupolar, whereas at
α‖
α⊥ = 1 it is purely monopo-
lar with a linear connection between the two limits. For com-
parison we show in (f) the same coefficients as a function of
the corresponding asymmetry in ε and with an isotropic α .
For
ε‖
ε⊥ = 1 a purely monopolar state found.
Finally, we note that, in spite of the fact that materials
with traceless magnetoelectric tensors exist – an example is
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FIG. 3: (a) Electric and (b) magnetic potentials for four example
sets of paremeters (for details see text.) (c) and (d): Magnetic fields
H(r) in a cut through a plane containing the high symmetry axis, for
Cr2O3 (c) and its quadrupolar-only contribution (d). The arrows indi-
cate the field orientation. (e) and (f) Evolution of the expansion coef-
ficents Cm0 and C
m
2 corresponding to the monopolar and quadrupolar
components of the magnetic potential, as a function of the ratio α‖α⊥
and ε‖ε⊥ .
TbPO4 which has one of the largest known magnetoelectric
coefficients22 – charges in such materials do not generate
purely quadrupolar electric and magnetic fields. This is be-
cause, while the magnetoelectric tensor can be traceless, the
permittivity and permeability tensors can not, since the diag-
onal components of ε and µ are required for stability to be
greater than 1.
A. A finite sphere of a uniaxial magnetoelectric
Finally, we investigate the case of a sphere of uniaxial mag-
netoelectric surrounded by vacuum with a point charge at its
center, and solve the corresponding equations subject to the
same boundary conditions as in Section I A. The solutions in-
side the sphere are identical to the previous solution for the
infinite uniaxial case. Each coefficient Ce,m2n then couples to
5a corresponding outside solution, with the exception of Cm0 ,
which vanishes outside of the sphere as in the isotropic case,
ensuring that ∇ ·B is always zero and Maxwell’s equations
are not violated. Higher order coefficients ofH(r) and E(r)
are, however, non-zero in the outside region, and in particu-
lar a finite quadrupolar magnetic field propagates beyond the
sphere. The full derivation of the solution is presented in the
appendix.
As in the case for the infinite system, we find that the elec-
tric field for realistic parameters is close to isotropic therefore
we move directly to a discussion of the magnetic field. We
consider two sets of parameters: The genuine Cr2O3 values,
and taking only the tracefree quadrupolar part of the α tensor.
In Fig. 4, (a) we show the normal component of the magnetic
field in both cases (dotted blue line: quadrupolar only, red
line: full response) along the two high symmetry directions
(⊥ and ‖). In contrast to the isotropic monopolar case, the
field does not vanish at the interface but extends into the vac-
uum area. Note that, since only the quadruoplar component
of the magnetic field extends out of the sphere, the fields are
identical outside of the sphere in the two cases, in spite of the
fact that they differ considerably within the sphere where the
monopolar contribution can manifest. In Fig. 4 (b), we plot
the normal component of the magnetic induction,B, which is
identical in the two cases.
In Figs. 4 (c) and (d) we show the magnetic field lines
in a cut through a plane containing the high symmetry axis
for Cr2O3 and the purely quadrupolar case respectively. The
red circle indicates the sphere boundary in both cases. Inside
the sphere the solutions are identical to the infinite solutions
shown in Fig. 3 (c) and (d). Again we see that in the outside
region again both fields are identical, as only the quadrupolar
field extends out of the sphere. This indicates that magneto-
electrics with the same tracefree part of the the α tensor are in-
distinguishable from measurements of their external magnetic
field, provided that the ε and µ tensors are close to isotropic.
B. Comparison with other sources of magnetic field and with
experiment
Finally, we compare our calculated values for the magnetic
field generated by a charge in a magnetoelectric with that aris-
ing from two other sources: the intrinsic magnetoelectric re-
sponse of an uncharged material, and the surface moments
from the antiferromagnetism. We then discuss the relevance
of these possible contributions to the earlier measurements of
Astrov and coworkers9.
First we point out that, in Fig. 4 (b) we see that an elec-
tron inside a magnetoelectric sphere of radius 1 mm gener-
ates a magnetic induction of BME ∼10−16 T at the surface of
the sphere via the magnetoelectric effect. We note that a sin-
gle electron spin in a non-magnetoelectric sphere of the same
dimension and permeability would generate a much smaller
field of only 10−23 T, and so in this context, the magnetoelec-
tric response should not be regarded as small.
In Ref. 11 we showed that the intrinsic structure and mag-
netic order in Cr2O3 give rise to an external quadrupole field
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FIG. 4: (a) Magnetic field and (b) magnetic induction as a function of
radial distance from the center of the sphere along the high symmetry
⊥ and ‖ directions. The blue lines corresponds to the quadrupolar-
only response (dashed ⊥, dot-dashed ‖), and the red line shows the
case of Cr2O3 (solid ⊥, long-dashed ‖). (c) and (d) show the mag-
netic fields in a slice through a plane containing the high-symmetry
axis for Cr2O3 and the quadrupolar-only material respectively. The
arrows show the orientation and magnitude of the field, with the mag-
nitude weighted by the square of the distance from the charge.
even without an internal charge. The order of magnitude of
this field at the surface is µB
aV 1/3
, with a an atomic distance and
V the volume of the sample. For the spherical sample with ra-
dius 1 mm that we have considered here, explicit calculation
of the surface magnetic induction from this contribution gives
Bint =7×10−7 T. The contribution to the external quadruopo-
lar field from the charge-induced effect derived in this work
thus becomes equal to the intrinsic contribution at an elec-
tron concentration of ∼107 per 1mm radius sphere, or ∼1010
cm−3. This concentration is likely achievable with field effect
doping (although this might not be convenient in the spher-
ical geometry). For the larger sphere used in the measure-
ments of Ref. 9 the predicted value from the intrinsic mech-
anism is correspondingly smaller because of the 1
V 1/3
depen-
dence, and is indeed consistent with the measured value of
Bexp =1×10−9 T9. The contribution from the charge effect
becomes comparable at even smaller charging levels, and a
superposition of the two contributions might be responsible
for the complicated measured radial dependence.
Finally we point out that there is an additional contribu-
tion to the magnetic field around a sphere of antiferromag-
netic material, resulting from truncation of the discrete spin
arrangement of an antiferromagnet12. These “Andreev fields”
are in principle distinguishable from the intrinsic and charge-
induced magnetoelectric fields as they are genuine surface
fields which decay exponentially with the distance from the
6surface. In addition, their form is sensitive to the details of
the surface termination and is not required to be quadrupo-
lar. Recently it was argued that the Andreev field is funda-
mentally different in a magnetoelectric material than in a non-
magnetoelectric antiferromagnet13.
C. Conclusion
In summary, we have derived the static electric and mag-
netic fields induced by a free charge in a diagonal magne-
toelectric. We found that the electric fields are analogous
to those generated by a charge in a simple dielectric, with
a renormalization of the dielectric permittivity by the mag-
netoelectric response. A charge generates both monopolar
and quadrupolar magnetic fields inside the material, stem-
ming from the isotropic or tracefree parts of the ME ten-
sor respectively. Consistent with Maxwell’s equations, how-
ever, the monopolar magnetic contribution does not propagate
outside of a finite sample, and so magnetoelectrics with the
same tracefree part of the α tensor are indistinguishable by
magnetic field measurements. Interestingly, even a sphere
of purely monopolar isotropic magnetoelectric material will
have an external quadrupolar magnetic field because of the
interactions between dielectric and magnetic permeabilities
and the magnetoelectric tensor. The magnitude of the ex-
ternal magnetic field induced by charges can be comparable
with the intrinsic quadrupolar field as well as that from the
surface magnetization for realistic geometries, and all compo-
nents should be considered in interpreting measurements of
fields around magnetoelectrics.
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Appendix A: Detailed derivation for a point charge in an
isotropic magnetoelectric
Here we present the details of the derivation for the case of
a point charge in an isotropic magnetoelectric material. We
follow Ref. 14 to calculate the scalar electric and magnetic
potentials, φe(r) and φm(r), using the materials equations
B = µH+αE
D = E+αH ,
where the last terms in each expression result from the magne-
toelectric effect, and the permittivity and permeability tensors
µ and  have the same symmetry as α. Using ∇×H = 0
and thus H = −∇φm(r) (as there is no free charge current),
∇ ·B = 0 and ∇ ·D = ρ , we obtain
µ∇2φm(r) + α∇2φe(r) = 0
∇2φe(r) + α∇2φm(r) = qδ (r) . (A1)
Solving Eqs. A1 simultaneously we obtain trivially:
φe(r) =
qµ
4pi(εµ−α2)
1
r
φm(r) = −αµ φe(r) =−
qα
4pi(εµ−α2)
1
r
.
The fields are then obtained straightforwardly from the gradi-
ents of the potentials:
E(r) =
µ
4pi(εµ−α2)
q
r2
er
H(r) = − α
4pi(εµ−α2)
q
r2
er ,
with er the radial unit vector.
7Appendix B: Detailed derivation for a point charge in a sphere
of isotropic magnetoelectric in vacuum
For the boundary problem we proceed by expanding the
potentials φm(r) and φe(r) in terms of Legendre Polynomials,
Pl(cos(θ)):
φi(r,θ) =∑
l
(2l+1)
[
Alrl +Blr−(l+1)
]
Pl(cos(θ)) (B1)
with expansion coefficients Al and Bl . In the limit r→∞ both
potentials tend to zero, and so Al = 0 for the outside potentials.
For r→ 0 the potentials should not diverge thus Bl is zero for
the inside potentials. Therefore, using our results for the point
charge in an infinite medium, we write the Ansatz:
φ ie(r) =
qµ
4pi(εµ−α2)
1
r
+∑
l
(2l+1)AlrlPl(cos(θ))
φ oe (r) = ∑
l
(2l+1)Blr−(l+1)Pl(cos(θ))
φ im(r) = −
qα
4pi(εµ−α2)
1
r
+∑
l
(2l+1)ClrlPl(cos(θ))
φ om(r) = ∑
l
(2l+1)Dlr−(l+1)Pl(cos(θ)) , (B2)
where the i and o superscripts indicate the solutions for in-
side and outside of the sphere. (Since the Legendre expan-
sion solves only the homogenous equation, the source terms
must be added to account for the charge in the center.) The
coefficients are found from the boundary conditions for the
corresponding fields:
φ ie,m(R) = φ
o
e,m(R)
Di(R) ·n = Do(R) ·n
Bi(R) ·n = Bo(R) ·n , (B3)
where n is a unit vector in the radial direction. Inserting D
and B explicitly in the last two equations and changing to
potentials rather then fields yields
(εEi+αH i) ·n = (εoEo) ·n
ε∇rφ ei (r)+α∇rφ
i
m(r) = εo∇rφ
o
e (r)
(µH i+αEi) ·n = (µoHo) ·n
µ∇rφmi (r)+α∇rφ
i
e(r) = µo∇rφ
o
m(r) , (B4)
leading to the solution
A0 =
(εµ)−µε0
4pi(εµ−α2)R
B0 =
q
4piε0
C0 =
α
4pi(εµ−α2)R
D0 = 0 , (B5)
where R is the sphere radius and all other coefficients are zero.
Appendix C: Detailed derivation for a point charge in a
diagonal uniaxial magnetoelectric
Now we consider the case of a uniaxial material with mag-
netoelectric tensor of the form:
α=
α⊥ 0 00 α⊥ 0
0 0 α‖

Then instead of equations A1 we have:
µ⊥∇2⊥φm(r)+µ‖∇
2
‖φm(r)+α⊥∇
2
⊥φe(r)+α‖∇
2
‖φe(r) = 0
ε⊥∇2⊥φe(r)+ ε‖∇
2
‖φe(r)+α⊥∇
2
⊥φm(r)+α‖∇
2
‖φm(r) = qδ (r) , (C1)
Fourier transformation of the above expression yields
µ⊥k2⊥φm(k)+µ‖k
2
‖φm(k)+α⊥k
2
⊥φe(k)+α‖k
2
‖φe(k) = 0
ε⊥k2⊥φe(k)+ ε‖k
2
‖φe(k)+α⊥k
2
⊥φm(k)+α‖k
2
‖φm(k) = q . (C2)
Eqns. C2 can then be solved to yield the following expressions for the scalar potentials in the uniaxial case:
φe(k) =
µ⊥k2⊥+µ‖k
2
‖
(ε⊥k2⊥+ ε‖k
2
‖)(µ⊥k
2
⊥+µ‖k
2
‖)− (α⊥k2⊥+α‖k2‖)2
q
φm(k) = −1
α⊥k2⊥+α‖k
2
‖
µ⊥k2⊥+µ‖k
2
‖
φe(k) . (C3)
8Transforming to spherical coordinates k⊥ = k sin(θ) and k‖ = kcos(θ) yields
φe(k) =
µ⊥sin(θ)2 +µ‖cos(θ)2
(ε⊥sin(θ)2 + ε‖cos(θ)2)(µ⊥sin(θ)2 +µ‖cos(θ)2)− (α⊥sin(θ)2 +α‖cos(θ)2)2
q
k2
= fe(θ)
q
k2
. (C4)
The real space solution is then obtained from the inverse trans-
formation
φe(r) =
∫ 2pi
0
∫ pi
0
∫ ∞
0
fe(θ)
q
k2
eik·rsin(θ)k2dφ dθ dk,
where by symmetry
k ·r = cos(θ)cos(θ ′)+ sin(θ)sin(θ ′)cos(φ −φ ′) .
Setting φ −φ ′ = φ , the integration over φ gives
1
r
∫ 2pi
0
eik sin(θ)sin(θ
′)cos(φ)dφ = 2piJ0(ksin(θ)sin(θ ′)),
with J0(x) the Bessel function, and that over k is the standard
tabulated integral
1
r
∫ ∞
0
J0(ksin(θ)sin(θ ′))eik cos(θ)cos(θ
′)dk= ξ (θ ,θ ′)=
{
0 for cos(θ)2cos(θ ′)2 > sin(θ)2sin(θ ′)2
(
√
cos(θ)2cos(θ ′)2− sin(θ)2sin(θ ′))−1 else
so we arrive at the final expression for φe:
φe(r,θ ′) =
2piq
r
∫ pi
0
fe(θ)ξ (θ ,θ ′)sin(θ)dθ . (C5)
Using the same approach we obtain
φm(r,θ ′) =
2piq
r
∫ pi
0
fm(θ)ξ (θ ,θ ′)sin(θ)dθ (C6)
with
fm(θ) =
α⊥sin(θ)2 +α‖cos(θ)2
(ε⊥sin(θ)2 + ε‖cos(θ)2)(µ⊥sin(θ)2 +µ‖cos(θ)2)− (α⊥sin(θ)2 +α‖cos(θ)2)2
. (C7)
We can rewrite the integral equations in terms of the function
ξ (θ ,θ ′) as
φm(r,θ ′) =
2piq
r
∫ pi−|pi/2−θ ′|
|pi/2−θ ′|
fm(θ)ξ2(θ ,θ ′)sin(θ)dθ ,
(C8)
with
ξ2(θ ,θ ′) =
(√
cos(θ)2cos(θ ′)2− sin(θ)2sin(θ ′)
)−1
(C9)
Appendix D: Detailed derivation for a point charge in a
diagonal uniaxial magnetoelectric sphere
For the uniaxial sphere we start from the previous consider-
ations and expand the two potentials again in Legendre Poly-
noms:
φe(r,θ) =
1
r
∞
∑
n=1
Ce2nP2n(cos(θ))
φm(r,θ) =
1
r
∞
∑
n=1
Cm2nP2n(cos(θ)), (D1)
where the coefficients Ce and Cm arise from the solutions of
the bulk uniaxial case. Due to symmetry only even terms ap-
pear in this expansion. Furthermore for physically reasonable
parameters the coefficients converge rapidly and terms larger
than 2n= 8 are practically zero so the series can be truncated
in this order.
Next we consider the boundary problem where we solve
9again the following system of equations:
φ ie,m(R) = φ
o
e,m(R)
Di(R) ·n = Do(R) ·n
Bi(R) ·n = Bo(R) ·n
Ei(R) · t = Eo(R) · t
H i(R) · t = Ho(R) · t , (D2)
where t is a unit vector in the tangential direction. Here i and
o superscript denote the solutions inside and outside of the
sphere. The potentials are given by the following equations:
φ ie(r) = ∑
l
(
Cel
r
+(2l+1) Alrl
)
Pl(cos(θ))
φ oe (r) = ∑
l
(2l+1)
Bl
r−(l+1)
Pl(cos(θ))
φ im(r) = ∑
l
(
Cml
r
+(2l+1)Clrl
)
Pl(cos(θ))
φ om(r) = ∑
l
(2l+1)
Dl
r−(l+1)
Pl(cos(θ)). (D3)
Again we superimposed here our solutions with those of the
homogenous Laplace equations, taking into account the limits
r → 0 and r → ∞, for inside and outside of the sphere, re-
spectively. The four sets of coefficients, Al ,Bl ,Cl and Dl , are
nonzero only for l = 2n. As before, the displacement fieldDi
and magnetic inductionBi inside the sphere are given by:
Di = εE+αH
Bi = µH+αE
and outside the sphere by the usual expressions for the vacuum
Do = E
Bo = H.
Since we are working in spherical coordinates, we have to
transform our tensors to the spherical coordinate system. Thus
α in cartesaian:
αcart =
α⊥ 0 00 α⊥ 0
0 0 α‖
 (D4)
becomes in spherical coordinates
αsph =
α11 α12 0α21 α22 0
0 0 α33
 , (D5)
with the four coefficients given by
α11 =
1
2
[
(α⊥+α‖)+(α‖−α⊥)cos(2θ)
]
α12 = α21 =
[
(α⊥−α‖)
]
sin(θ)cos(θ)
α22 =
1
2
[
(α⊥+α‖)+((α⊥−α‖)cos(2θ)
]
α33 = α⊥ . (D6)
For the radial contributions at the sphere boundary only α11
and α12 enter and the normal component ofDi becomes:
Di ·n= ε11 ∂φ
i
e
∂ r
+ ε12
1
r
∂φ ie
∂θ
+α11
∂φ im
∂ r
+α12
1
r
∂φ im
∂θ
(D7)
andDo:
Do ·n= ∂φ
o
e
∂ r
. (D8)
For the tangential component of the electric field we have the
following equations
Ei · t= 1
r
∂φ ie
∂θ
(D9)
and
Eo · t= 1
r
∂φ oe
∂θ
. (D10)
Finally, to obtain the system of equations for the coefficients
we multiply by Pn(cos(θ)) (for normalization of the Legendre
Polynomials= and integrate over 2n+1n
∫ pi
0 dθ We obtain that all
odd coefficients are zero, and that the coefficients Bl and Dl
decay as expected with increasing l.
